1 Abstract-In this work, a robust methodology is presented for synergistic PET-MR image reconstruction, irrespective of their relative signal intensities and contrasts. Mutually-weighted quadratic priors were devised to encourage the formation of common boundaries between PET and MR images while reducing noise, PET Gibbs and MR under-sampling artefacts. These priors are iteratively reweighted using normalized multi-modal Gaussian similarity kernels to modulate smoothing across common boundaries. Synergistic reconstruction was performed using a 3-step optimization: i) maximum a posteriori expectation maximization (MAP-EM) for regularized PET reconstruction, ii) penalized weighted least squares with the conjugate gradient algorithm (PWLS-CG) for regularized sensitivity encoding (SENSE) parallel MR reconstruction and iii) update of joint Gaussian kernels. The performance of the proposed prior was compared against standard reconstruction, separate total variation (TV) regularization and prior-image guided reconstruction using 3D realistic simulations and a real PET-MR dataset. Our results showed that TV regularization reduces noise and artifacts in PET and MR images, but at the expense of resolution degradation, while prior-image guided reconstructions, which exploit high quality fully-sampled MR data, notably improve the image quality but at the expense of suppressing unique lesions. Whereas the proposed method, which exploits information obtained from PET and undersampled MR images, leads to noise and artefact reduction while recovery the details and preserving unique lesions. In conclusion, the proposed algorithm was found promising for multi-modal synergistic image reconstruction.
I. INTRODUCTION
imultaneous and co-registered acquisition of PET and MR data in simultaneous PET-MR scanner allows to advance the reconstruction of PET and MR data using synergistic methods and therefore to improve the quality of reconstructed data beyond that is currently achieved by the conventional separate reconstruction methods. In synergistic reconstruction, the common features of PET and MR images, such as anatomical and physiological boundaries, are exploited to reconstruct PET-MR images from low-count PET data and/or highly under-sampled MRI data. The major challenge encountered in the joint PET-MR reconstruction are the development of i) a model-based joint prior that favors the common features between PET and MR images, irrespective of the signal intensity and the contrast orientation and preserve modality unique features, and ii) a robust and stable optimization algorithm with minimum number of hyper-parameters, controlling the overall performance of the algorithm. Ehrhardt et al [1] reported the first attempt in joint PET-MR image reconstruction based on the parallelism of PET-MR level sets (PLS), while Knoll et al [2] proposed a nuclear norm-based total generalized variation regularization for joint PET-MR reconstruction. Despite of promising results, their methods potentially depends on the signal intensity and edge orientation. In [3] , we recently proposed a total variation (TV) prior generalized using a non-convex prior together with an alternating scaling scheme to handle the intensity differences between PET and MR images. The results showed that the proposed prior can outperform the PLS and joint TV priors, however, the proposed scaling scheme was designed such that it globally matches the magnitude of PET and MRI image gradients, therefore it might not be efficient for all parts of the images. In [1] , PET-MR images were reconstructed simultaneously using a quasi-Newton method, whose convergence depends on the initial guess. In [2] and [3] , a first-order primal-dual algorithm and an alternating direction method of multipliers (ADMM) were employed respectively. These algorithms aim to break down the problem into simpler sub-problems and estimate images in alternating fashion. However, they introduce additional hyper-parameters that need to be chosen properly. In this study, we aimed to propose a simple, robust and clinically feasible synergistic reconstruction framework with multi-modal quadratic priors that is independent of the relative signal intensity and contrast of PET-MR images.
II. MATERIAL AND METHODS

A. Theory
Synergistic reconstruction of the PET image, , and MR images of ݊ ௩ different contrasts can be achieved by the following maximization:
where ‫א‬ Թ ே ೠ represents PET image, ‫א‬ Թ ெ ೠ is PET measured data, ‫א‬ Թ ெ ೠ ൈே ೠ is the PET system matrix, ത ‫א‬ Թ ெ ೠ is an estimate of PET background coincidences (randoms and scatters), ሺሻ ‫א‬ ԧ ே ೖ is kth MR images, ‫א‬ ԧ ெ ೖ is kth MR k-space data with ‫ܮ‬ channels, ‫א‬ ԧ ெ ೖ ൈே ೖ is the MR Fourier encoding matrix consisting of the product of discrete Fourier transform matrix with k-space sub-sampling matrix and coil sensitivity maps and ሺሻ ‫א‬ Թ ெ ೖ ൈெ ೖ is noise correlation matrix between MR channels. ܴ is a joint prior, which is defined as summation of PET and MR quadratic priors jointly weighted by ߱, as follows:
where ߦ and ߱ are respectively weighting coefficients that weight differences between voxel ݆ and ‫ݑ‬ based on their Euclidean proximity and intensity similarity in a neighbourhood ࣨ . ߚs are regularization parameters. In the proposed method, the similarity coefficients are alternatively calculated from both PET and MR images using the following joint coefficients, inspired from joint Burg entropy prior [4] :
where ෝ and ෝ ሺሻ are the estimates of the PET and MR images, obtained during iterative reconstruction. Maximization in Eq. (1) was performed using a 3-step optimization: 1) maximum a posteriori expectation maximization (MAP-EM) for regularized PET reconstruction, 2) penalized weighted least squares with the conjugate gradient algorithm (PWLS-CG) for regularized sensitivity encoding (SENSE) parallel MR reconstruction and 3) update of joint Gaussian kernels, as summarized in Table 1 . Since PET and MR images have different matrix and voxel sizes, the ߱ coefficients in Eq. (4) 
1. PET reconstruction (MAP-EM) using De Pierro's method 1.a. Expectation maximization (EM) update:
SENSE MR reconstruction (PWLS-CG).
Solve the following system of equations using the conjugate gradient algorithm 
Hence, registration and resampling operators, ՜ , need to be defined to spatially map image modality, , to a given image, .
B. Simulations and real data
The BrainWeb phantom was used to simulate an FDG activity distribution and T1/T2-weighted MR images with PET matrix size of 344×344×127 and 2.086×2.086×2.03 mm 3 , and MR images of 230×230×254 and 1.043×1.043×1.015 mm 3 . As shown in Fig. 1 , for each image, a unique lesion was simulated. Realistic simulations were performed for the Siemens Biograph mMR scanner including attenuation, normalization factors, resolution modeling (point spread function, PSF, 4.5 mm Gaussian kernel), 10% randoms and 30% scatter coincidences with 90 million counts. MR simulations were performed for a 5-channel scan. T1 k-space data were undersampled in phase encoding direction (Cartesian trajectory) with a factor of 6. T2 k-space data were undersampled using a stack of 20 radial lines (radial trajectory). A clinical brain PET-MR scan was acquired on the mMR scanner for a ~200 MBq injection of [ 18 F]FDG for 30-minute PET scan, fully-sampled T1-MPRAGE and 2x accelerated FLAIR data were acquired. The k-space of the T1 data was retrospectively undersampled in the phase and slice encoding directions by factors of 3 and 3 (R = 9), while the FLAIR data was further retrospectively undersampled by a factor of 3 in slice encoding direction (R = 6). The PET image was reconstructed with matrix and voxel sizes of 344×344×127 and 2.086×2.086×2.03 mm 3 (with resolution modeling), whereas the T1 and FLAIR images were reconstructed in their native matrix and voxel sizes of 512×244×244, 1.05×1.05×1.1 mm 3 and 512×256×160, 0.48×0.48×1.0 mm 3 , respectively.
C. Evaluation and Reconstruction
The proposed method was compared with i) standard PET reconstruction (MLEM) and standard MR reconstruction (SENSE) with fully-sampled (f) and undersampled (u) k-space data, ii) separate TV regularized reconstructions, iii) prior-image guided reconstructions, in which preweighted quadratic priors were used. For PET and undersampled T2/FLAIR reconstructions, the fully-sampled T1 images were used as prior, while for undersampled T1 reconstruction, the fully-sampled T2 (in the case of simulations) or, 2x FLAIR (in the case of real data) were considered as prior images. For regularized reconstructions, the neighborhood size, ࣨ , of the quadratic priors in Eq. (2) was set to 5×5×5 for the simulations and 3×3×3 for the real datasets. The ߪ and ߚ parameters were set experimentally for all reconstruction set-ups. For both simulations and real data, a global iteration, n, included 2 iterations of PET-MAP-EM, 2 iteration of MR PWLS-CG, mutual mapping (registration and resampling) of the images and calculation of joint coefficients for each image. For simulations and real reconstruction, 500 and 150 global iterations were performed, respectively. TV and SENSE-TV) , prior image guided reconstructions (MAPEM-wQ-T1: regularized PET using a quadratic prior weighted using Gaussian kernels obtained from reference T1 image, T1 SENSE(u)-wQ-FLAIR and FLAIR SENSE(u)-wQ-T1: regularized SENSE reconstruction of undersampled T1 and FLAIR images using quadratic priors weighted using Gaussian kernels obtained from reference FLAIR and T1 images, respectively), synergistic FDG PET and undersampled T1 MR images and synergistic reconstruction of PET and undersampled MR data.
III. RESULTS
In Fig 2 right , the quantification errors in the lesions' estimated mean activity/intensity are shown for PET, T1 and T2 images. As shown, both prior-image guided and synergistic reconstructions lead to recovery of common boundaries between the PET and MR images, however only the synergistic reconstruction can preserve PET and MR unique lesions, which are suppressed and over-smoothed by other reconstruction methods.
It is noticeable the prior-image guided reconstruction suppress the lesions, due to mismatches between the simulated PET-MR datasets over lesions. The error bars show that the largest error in lesion quantification occurs with the prior-image guided reconstruction methods: MAPEM-wQ-T1(f), SENSE(u)-wQ-T2(f) and SENSE(u)-wQ-T1(f). Fig. 3 compares reconstruction methods for the real FDG-T1-FLAIR dataset in different groups of i) reference, including fully-sampled SENSE reconstructions of T1 and T2 images, ii) conventional reconstructions including PET MLEM and undersampled SENSE T1 and T2, iii) separate TV reconstructions iv) prior-image guided reconstruction, v) synergistic PET and T1 MR and vi) synergistic PET, T1 and FLAIR MR reconstructions. The results show that the conventional PET MLEM reconstruction which includes resolution modeling suffers from noise and Gibbs ringing artifacts at edges, and the undersampled MR images show noisy estimates with undersampling artifacts. The separate TV reconstructions notably reduce noise and artifacts at the expense of resolution loss. The prior-image guided reconstructions improves all modalities by reducing noise and recovery of the details, particularly the putamen in the FLAIR image. For the PET image, the guided reconstruction leads to reduction of Gibbs artefacts, more pronounced at the borders of the brain, or hyper-active and discontinuous appearance gyri. Two types of synergistic reconstruction were performed for this dataset, one for PET and undersampled T1 only, to demonstrate how much PET can help improving MR, and one with all datasets, to demonstrate the benefits of multi-modal synergistic reconstruction. As shown, for both synergistic reconstructions the PET image quality is improved similar to the prior-image guided PET image, with the advantage of using undersampled MR images. Our results show that the performance of the two synergistic reconstruction methods are fairly comparable, however the PET image reconstructed by Synergistic PET-T1-FLAIR method is slightly smoother. Overall, these results demonstrate that the synergistic reconstruction of undersampled MR and noisy PET data can outperfrom the conventional separate TV reconstruction, while performing similar to prior-image guided reconstructions with a high-quality prior image.
IV. CONCLUSION
In this study, a simple and robust methodology was proposed for multimodal synergistic reconstruction of PET and MRI images using jointly weighted quadratic priors. Both simulation and clinical results showed the proposed priors are insensitive to the signal intensity and contract differences between PET and MR images. In addition, it was found that these priors can preserve PET or MR unique features. In conclusion, our results showed that the proposed synergistic algorithm and priors are promising for multi-modal synergistic reconstruction in simultaneous PET-MR systems.
